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SECONDARY EDGE EFFECT IN THE BENDING OF THIN ELASTIC SHELLS"

L.S. SRUBSHCHIK

For the eguations of strictly convex thin shells of revolution under uniformpressure
and fixed clamping of the edge there is shown the existence of a unigue solution

orraasnondi +o eqguilibrium with radial tensile forces for which the secondary nﬂnn
Corresponding tTo €guliiibrium witn Yadiadl tensiie 11C0 TNe Ccnaary

effect phenomenon holds. There are constructed appropriate asymptotic expansions,
and their foundation is given with an estimation of the remainder term. The princ-
ipal terms of these expansions are represented in the form of simple computational
formulas.

It is also shown that the secondary edge effect phenomenon c¢an hold for the
bending of a thin, shallow, rigidly clamped shell in the shape of an elliptical para-
boloid under uniformly distributed internal pressure. Simple asymptotic formulas
are written down for the appropriate solution corresponding to equilibrium with only
tensile forces.

The equations of the nonlinear theory of thin elastic shells contain two essential small
parameters in the highest operators: :? (the relative thinness of the wall) and & (the rela-
tive loading) governed by the formulas

g = ho(ay)™t, 6% = pa (ERYY, %= 12{1 — ¢%

where & is the thickness and ¢ is the characteristic dimension of the shell, p is the intensity
of the transverse pressure, £ is Young's modulus, and ¢ is the Poisson's ratio. This explains
the secondary edge effect phenomenon detected in /1/, which is that as the parameters § and e5—2
tend simultaneously to zero, the edge effect of axisymmetric bending of thin elastic shells of
revolution develops within the edge effect zone of the "degenerate" problem on the equilibrium
of an absolutely flexible (soft) shell.

1. Formulation of the problem. The nonlinear differential egquations of the axisym-
metric deformation of rigidly clamped shells of revolution under the uniformly distributed
pressure p can be written in the form /2/:

Av———,—l,-u2 O =0, 24y 4w —0r —;:—q‘z:O (1.1)
_ d 1 _ 4o dF &
A(): dp p dPP( ), Il——aa—, l_TifT’ BWF(;-
v u . dv 3 ,
R dpme S0 [d—!‘.—?—v:,ozltulp:lzp"”:lxo 1.2)

All the quantities in {1.l1) and (1.2) are dimensionless and interrleated by the dimension-

al formulas
et

o
elp.w, 2} = {E, W, 2}, FEhi{F.q} {'E; . pu} , = e

Here W is the deflection of points of the middle surface Z, ® is the stress function, K
is Young's modulus, ¢ is the variable radius, and 2 is the radius of the reference contour. The
remaining notation was introduced above. It is later assumed that the shell is strictly convex
(—mp <8< —ap, 0 <Ca<{m a, m=const). For a spherical shell we have 6 = —(a/R)p (R is the radius of
the sphere). The function 6(p) is considered sufficiently smooth. The small values of lg]
considered below enclose a broad class of service loads. Under external pressure (acting from
the convexity of the shell) ¢>0, while for internal pressure g¢<0.
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664 L.S. Srubshchik

The "degenerate" problem about the equilibrium of an absolutely flexible (soft) shell
later plays an important role. The appropriate equations are obtained from (1.1) and (1.2)
for & = (0, and are written in the form

1 3
Avg— —~ 1?4 Bug =10, (g —0)vo+ ’;—(]."2:0, "n:iduéo— (1.3)
v ary, 1 vyl -
iy == —— —— N
‘ dp £ e ie=0
de, b = o
[‘d‘—’v o T”]l»— o Wy li)e= Fo(1) =0

The problem (1.3) has many soclutions /3,4/. However, the so-called positive solutions
(vy > 0). which correspond to equilibria without radial compressive stresses /5/, have meaning
in mechanics. It is known /3/ that a positive solution exists and is unique, and in its neigh-
borhood there is a solution of the problem (1.1) and (1.2) as e—0 for which v >» 0 (such solu-
tions are called membrane solutions in /3/), and the following asymptotic expansions are valid

nt1
v~ B 0o ehea O, =0 (1.4)

u~ Y et o)+ g0, =120

122
5=10

The functions u, v; are obtained by direct expansion of the solution in powers of & and
are determined from the boundary value problems

1
4»’|Lr_\~—2* E Wyttt Ou 0, Z H};L'j*()u\a A, 0 (1.5)

LR [

l v, ’ dv - di, }
e —dp —?i-v, o1 |—ar -+ :““,x’ e B |

The boundary-layer functions #,y, are determined from secondorder differential equations
with constant coefficients and are written down in explicit form if the functions ¢, 4 have

already been found for i< s (see (3.6)— (3.9) in /3/).

Furthermore, for |¢|-%£1 simple asymptotic formulas are constructed by the asymptotic
boundary-layer method /6,7/ for the positive solution of the problem (1.3) correspondong to
the solutions of the problems (1.5), and therefore, for the membrane solution of the problem
(1.1), (1.2). Let us note that the principal terms of the asymptotic for the problem (1.3)
had been obtained formally earlier /1,8—10/ for ¢-<l0,¢->0.

For >0 the shell is first "inverted", afterwards the applied load causes an increase in
shell convexity, and as will be shown below, takes on an equilibrium mode close to the surface
(—Z), which is a mirror image of the bulging initial shell surface relative to the plane of
the reference contour. This varifies the A.V. Pogorelov hypothesis about the existence of such
equilibrium modes (see the "principle" 4 in /11/). Let us note that for {¢|--0 the foundation
of the asymptotic of the membrane solution as & - 0 generally drops out since the constant in
the a priori estimate (4.9) in /3/ grows without limit. However, analogous considerations
for the requirement of a simultaneous tendency of the parameters § and #67* to zero permit car-
rying the proof of the existence of the membrane solution and the foundation of its asymptotic
expansions in /3/ over to this limit case as well.

2. Asymptotic of the positive solution for an absolutely flexible shells
under small loads. As |[g|—0 the problem {1.3) is a singular perturbed problem with a
small parameter g in the highest operator. In fact, by setting g = 8% v, = f8% u, = y we obtain
from (1.3) for ¢ >0 . .

A —— 2+ Oy=0, (y—0f+5p*=0 (2.1)
dF dw, _
f=d—p", !/=—d'p°—: o™ oo o0
daf 3 -
[ — 1] =0 w=F()=0, 0<o<
Asymptotic expansions of the positive solution of the problem (2.1) are constructedas & — 0

in the form n41 ni
f~fot= 2 8" Mfelo) + W ()] y~ya"= 3 O [ (0)+ ¢ (1) 2.2)

where T = (1 — p)/6. The functions fy, ¥r are obtained by using the first iteration process (6,7) for

1
2



Edge effect in the bending of elastic shells 665

the direct expansion of the solution in integer powers of the parameter 8. Equating coefficients

of &, &', .., 8" to zero, we deduce successively fromk(Zl.l) 1
Yo=20, fo=— _;_pse—l, p=h=0, y,—6" [Afk_z_- %2 yiyk_i] , fe=—071 [Z ik + y,,fo] (k>2) (2.3)
i=1 i=1
This same iteration process yields still another family ¥y, fx (¥, = 0, fo = '/2p?07%, . . .) which

is not examined later since f, does not satisfy the positivity condition.

Functions vy, ¢y ©of the boundary-layer type are obtained by using the second iteration
process /6,7/. Namely, we substitute (2.2) into (2.1), take account of (2.3), expand the
functions fx, yx,  in Taylor series at the point p =1, set p=1 — 8§t and equate the coeffic-

ients of §° 61, ..., §n successively. We obtain the system
” 1
B + = @o® +60Pa=0, foo@o + YoPo + Qo =0, () =d{( ydx (2.4)
Po'leo = 0, Yol =0, 0, =0(1), foo=/ (1)) T=(1— p)/8

to determine Yo, Po.
Evidently ¢, =, = 0. Taking this fact into account, we deduce for the determination of

P, @ (> 1)

¥ — o™i = Rip — 0Rifoe™, @i = foot (Riz — Ogy;) (2.5)
8o° ' ’ j r 1 m
(102 = /_:L‘l ’ Hil = lei—l + ‘«I’i—l + ) 2 .’CJ"‘I’"I - Z ) T ymr(Pp - '_Z' Z .(Pm(pp + 2 ) T em(rp
jtmte=i mrt+p=i mtp=i m -p=i
i1
, , m , daf;_
Ra=Y 0t ¥, Thmby— Y, Tlalp — 3, 0T WO=— 0t (0 + [ T —ofi]
i=1 mtrp=i mtrtp=i metp=i p=1

l 1
—1 d 1 ,
{00, Ymrs frai} == ( l-!_) - dp[- {0, Um, Tm)o=1 P <_6 ) =0, pFi

A

Here R,;, R;; are known functions if yi, f, @k, P4 » have already been found for 0L k<
i —1. In particular, we have R;; = R;; =0, and we find from (2.5)

Py = —fooby 'y = C exp (—ar), @’ = —20,°> 0 (2.6)
C =275 (— B3 [(2— 6) 0 - B1], 0 = — ‘;_"
© lp=1

Evidently v, ¢; are zero-order boundary-layer functions.

3. Foundation for the asymptotic expansions (2.2). We use the method developed in

/3,12—14/ for the foundation of the asymptotic expansions (2.1). We introduce the notation
/14/

11.-{:‘1 . n+1
Pr=f"+ ;’1 8in, 4 8™y, y* =y + 2; 8%, (3.1)

where 7, §; are of an exponential order of smallness in § infinitely differentiable monotonic
functions, where n; (p) = —¥; (69, & (p)= —¢; (67) for 0L p <L 0,1 and M; (p) = & (p) = 0 for 0.2
p < 1. Evidently the functions f*, y* satisfy all the boundary conditions in (2.1) and the
following estimates hold

max

K

<C06"~+1’ )(=0, 1,2 (3.2)

where z = f" — f*¥ or z = ys" — y*. Here, as everywhere in Sect.2, the ¢, are certain positive
constants independent of f and §; the maximum is taken everywhere for 0 <{p 1.

Let us introduce Banach spaces of the functions: 1) the space X of the vector functions
U = {F,, w,} with the components F, & C,[0, 1] and w, &< C, [0, 1] which satisfy the boundary con-
ditions in (2.1) and the norm defined by the equality [[Uljx = | Fy [, + | wg |; 2) the space Y of
vector functions b = {b;, b2} with the components b, b= C,y [0, 1] and the norm defined by equal-
ity || blly == | byle + | bs],. The spaces Cy [0, 1] are formed by functions defined in the segment
[0, 1] which have continuous derivatives to order k inclusive. The norm |-k in C, [0, 1] is de-
fined in the usual manner.

Let us examine the problem (2.1) as an operator equation R(U)= 0, where U = {F;, w,} is a
solution, and the operator R is defined by the left side of the system (2.1) and acts from the
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space X into the space Y.
According to /3,12—14/, to give a foundation to the asymptotic, it is necessary to prove
that the inequality
o fompe ” 1
IR U= iy 1 TRl ™ ey ) IR floxesgxeayy - (3.3)
is satisfied as 0 —> 0, where U* = {Fy*, wy*} is the constructed asymptotic expansion of (3.1),

RU* is the Fréchet derivative on the element U%*, and R”is the second derivative of the
operator R,

Lemma 3.1. Let § >0 and —mp <0< —ap, 0 <a<m, a, m = const. Then the following
estimates hold

1 -
*> 270 max|p! (y* —0)|<<m+ L=m (3.4)

Proof. Taking account of the inequalities

lpi + jA d‘bi ?; + ii _ d‘pi
max 'T % max —5 ¥ max T <. max dp
we rewrite f* and ¥* in the form
A ~-2— PO 8 (v +m)+ 087, y* =20 45 (e +Ey) + 0 (pd?)

from which we deduce (3.4) as 8 — 0 by virtue of the conditions of the lemma.

Lemma 3.2. Let the conditions of Lemma 3.1 be satisfied. Then the following estimates
hold

TR (U*) lly << e,8™, JIR7]) < eq (3.5)

The proof is analogous to the proof of Lemmas 2.2 and 2.3 in /14/ and the estimate (4.17)
in /3/.

Theorem 3.1. Let the conditions of Lemma 3.1 be satisfied. Then the following esti-
mate holds

TRy fly—x) < €878 (3.6)
Proof. We consider the system of equations with boundary conditions

Ry (U)=b, b= (b, b), U= (F, (3.7)

‘ e 1 4 1 d
Ru':{é"‘F%"'—p“,;F;[u (y*—8)l, —p g UM ff—v(y‘—e)]}
V= _1_.i _ii_. ar dw

ST HPEG VTR YT
ro® dv s ] .
PP om0 < [TP—*TU pr =0 () =F(1)==0

Multiplying the first equation in (3.7) by pF, the second by pw, adding the expressions
obtained and integrating between 0 and 1, we deduce, by taking account of the boundary con-
ditions

\w + bw) p dp (3.8)

1

’ dv \2 v? X S
Y] —_— A — — 02 2 *,,2
éHp(dP) e B £ | prtdp -

[

o

Furthermore, taking into account that F (f) = w(1) = 0, we find the simple inequalities

1

1 1
1 v2 . d dw \2
prRdp <5\ 5 Yowrdo << 5 S <dp>dp (3.9)
[ [

1]

Now, by using (3.4), (3.9) and the Cauchy~— Buniakovskii inequality, we successively ob-
tain from (3.8)

1 1
8 (1= ) [l + g < N bl IF |+ §ballwdy < 27 (bl ol + 102l ) (3.10)
1 )3
ro/dvy: 27 N
ol = § [o () + 5 Jan twnz= o
[} 0
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The following estimates hence result directly
foly +hul, <ead2(hbl, + 161, (3.11)

max || e bly, o VI — o)L, 82 < [da (1 — 0)]!
Integrating (3.7) between 0 and p. we have
8241 —u (F —0) ~ By, fu+ (¥ —8) =B, (3.12)

0 i

a 4 v 1 . dv "
P L s — bodt, — . —_— — v =
B, r\flh i, B, \’ ‘ PP Lx:ﬁ“’ [dp ™ 0
0 o

Applying (3.4) and (3.11), we deduce from the second equation

max | u )< ;67 by, o5 = 4 (cyme 4 1) (3.13)

Let us go from the first equation in (3.12) to the equivalent integral equation

14
Stv ,-,f——]—(b(pj)_}_p—-Tf @ (1,1 (3.14)
P 1—3
L !
@ (o, 1) = Q ndn\ BLtdE. By By u(y* —6)

0 n

Differentiating (3.14) twice with respect to p, we obtain

1

L dv e 1 1.0

¥ \BINE— ) F 0 (3.15)
0

, dw

g T BT 2070 (o, p)

From the first equation in (3.15) we find the estimate

3

dv . K
max d—p|< O bly, = 5 (1--cmg) (3.16)

Furthermore, we divide the second equation in (3.12) by /* and differentiate the expres-
sion obtained with respect to p. Then applying (3.4), (3.9), (3.14) and (3.16), as well as
the inequalities

di* d B
max g - max d—p(()*y*) < e5, my < 1
we derive the estimates
du |
max W’ L egd by, cg = haey [1 4 cq—F e7 + daeyeq] (3.17)

By using (3.17) and the triangle inequality, we have from the second equation in (3.15)

o ) 3
max |p~! PR ,<cgé‘°][b[|y_ ¢ o Mgty - 1 (3.18)
Finally, we obtain the estimate
3y
max | | b by,  ew ey 4 2000 ey - 1 (3.19)

where ¢, = 14 my,. For this we find from (3.15)

L1 d v
Sl e (T) = — 2p74D (p, )
By using (3.4) and (3.18) we hence deduce

max

(=)< ensopvi, (3.20)
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We later differentiate the first equation in (3.12) with respect to p, and by using the
triangle inequalties as well as the estimates (3.4), (3.17), (3.18), (3.20), we arrive at
(3.19). The estimate (3.6) now results from (3.11), (3.13), (3.16)— (3.20), where ey = D+

€+ Cpe

Theorem 3.2. Let the conditions of Lemma 3.1 be satisfied. Then there exists a ¢, such
that the problem (2.1) has a unique positive solution for 0 < ¢ <~ ¢, Ffor which the asymptotic
expansions (2.2) are valid and the following estimates hold

max | f — fs" | + max]y—yls"]<0126"z*2, g =5 (3.21)
d B ! d - 3
max | (f — f6}) | < max |4 (g — ye) | e, k0
The proof is carried out by using Theorem 3.2 in /13/.

The inequality (3.3) is satisfied if ¢ in the expansions (3.1) is sufficiently small (0 <
¢<<q) and n> {1. By using (2.2), (3.1), (3.2) we find from (3.20) in /13/

TV — Uiy < epd™? (n> 3) (3.22)
We hence arrive at (3.21) by using the triangle inequality and embedding theorems.

4. Construction of the principal terms of the asymptotic expansions (1.4)
as ¢ - 0. The boundary value problems (1.5) are a singularly perturbed system of linear differ-
ential equations with a small parameter |¢g| in the highest operator and with variable coeffic-
ients containing boundary-layer-type functions. In fact, by using the change of variables

g = o%

Vs = 62—25\’31 Ug == 6k2swsv Vo = f, Wy == Y (4.1)
., o d*r,,  d%g, PN 0
art art a - at q> ’
we obtain from (1.5) for % = 0,1,2
1 d
8248, — - Z O - O, =0, s=1 (4.2)
k=-j=s
> vpw; — Ov, L 840, =0, w_; =0

k—j=s
P [ dv J &1 darl,, .
oo O P — oV, R T 8ok, ]‘:0

The functions Vi, ®; are found successively, and are considered known for i <Cs, where Vq, 0,
are defined by (2.2). The asymptotic expansions of the boundary value problems (4.2) are con-

structed as § —+ 0 in the form

Vs

)

n

Ve~ kX 5 (Vo (p) -+ v, (1)1 (4.3)
=0

®s ~ k};.lu 8" Lo (p) + Hk")s (N T= (1- - p)/ﬁ

The functions v.. ®g4 are obtained by direct expansion of the solution (v, w,) in powers of 8
and are determined from simple algebraic equations

A\l
B — o @mj=0, > Vpaojo — v =10 (4.4)
Fyg=s -t j=s
1
AV joa — 3 i + O = 0
W ¥=s maT ot
2’ Z‘ OgmVji — OV Ao k=0, s, 11
biges mier

g=—1. =2k mj,i>0 wpp =v,,=0p=—1 -2, =3

The boundary layer functions IH;v,, Il,0, are constructed by using the second iteration pro-
cess /7/. Equations of the form (2.5) with right sides dependent on IIyv,, Il;m; for j < i. on
My, Mo, for m < s, and also on the coefficients of the Taylor series expansions of the
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functions vy, w;; for p = {1, etc., are obtained for their determination.

Limiting ourselves to the principal terms of the asymptotic expansions (2.2), (4.2), by
using (2.3)— (2.6) as well as (3.6)— (3.9) from /3/, we have for the membrane solution from
(1.4) for n=1 in the case ¢> () as the parameters § and ¢§* tend simultaneously to zero

v~ Vs = Vo (0, T) -+ evy (o, 1) ey (f), t = (1 — p)e (4.5)
U~ Ues = Uy (P, T) A g (1) + & luy (o, 7) + gy (1)

Vo — 82 [_._;pze—l = 8C exp (— agT) - 0(52)} , T=(1—pyb

ug = 26 + 2808, exp (—ayt) - O (8%, 6, = 0 (1)

e = 0,ogt = =202 1 + 0 (8)], gy (1) = —uy (1)K = —28, 11 -+ 2080, + O (63] K

K=expl—t V0o (D) =exp [~ dta], a=[— 116" + (5 +
O o) =52 K () —0(1)— - ua () K] =

— 487203 (1 — 1/, exp (— dat)) exp (— bat) [1 - O ()]
U1 =05 exp (—— @t} [1 + O(8)], uy = 20,672 cxp (— agT) X
[15-0@), g1(t)=— 20,62 exp(— abt) < {1 + &t (—20))"+ 0(6))

a0

C=:2718(—0) P [(2—0)6) - 81], O=— @ los

(there are misprints in the formula for ki, (¢) in /3/ that are eliminated here). Let us note

that vy = w; = 0 for all k. Moreover, it can be established that the functions g’ k2 from
(4.1) consist of components of the form t™exp (—hbat), where m and n are integers (0<Cm
s+1,1<n<s+1). The coefficients between these components are expanded in a series of
integer powers of §, where the following estimates hold

Phyy &g _ (4.6)
EL—0(l), —==0(), %=0,1,2

Theorem 4.1. 1et the conditions § << 1, &§72 <€ 1 and (e679)*'e™* — 0 (n > 1) be satisfied
simultaneously. Then a membrane solution of the problem (l.1), (l.2) exists for which the
asymptotic formulas (4.5) are valid and the following estimates exist

max | 672 (v — ve) | + max |u — ues | < my (ed~%2 (4.7)

The theorem is proved analogously to the proof of Theorem 4.1 in /3/. The estimates
(4.13) and (4.17) in /3/ are conserved, but in place of the estimate (4.9) we deduce for the
same notation

1P (Vi) lr, <y (€874 (50,882 —0) + (4.8)

where m, is a positive constant independent of § and ¢. For (¢/0%™%e¢™* —>0(rn>1, i.e., in the
domain somewhat smaller than ¢/8%<Z 1) we obtain that all the conditions of Theorem 4.2 in /3/
are satisfied. From this theorem the existence of a membrane solution and the foundation of
the asymptotic expansions (l1.4) result. The estimates (4.5) are derived analogously to /13/
by using the trinagle inequalities.

Under the effect of internal pressure (¢ < 0) the asymptotic expansions of the membrane
solution and their foundation are carried out exactly the same as for ¢ > 0. For the positive
solution of the problem (1.3) for §2 = —g— 0 we have the asymptotic expansions (2.2)— (2.5)
in which it is necessary to set y, =0, to replace 6 by(—8) in (2.3) and 6, by (—0,)in (2.4)
and (2.5). Limiting ourselves to just the principal terms of the asymptotic for the membrane
solution for |q|— 0, /] ¢ | > 0. we obtain the asymptotic formulas (4.5) but with Uy &y, ke, Uy,
Uy, &y replaced, respectively, by the fecllowing expressions:

Uy = —260,2C exp (—ogt) + O (8%, T = (1 — p)/d (4.9)
g () = 8 exp (—0at)[2C0,% + O (6)]

By (1) = 2C0,%7%6"1 exp (-Sar)[1 + O (8)]

vy (p, 1) = 80,7 (2 — )8 + 0,0 exp (—eyT)[1 -+ € (8)]

uy (p, 7) = — 20%,7167 [(2 — 6)6, + 6,] exp (—o )1 + O (8)]
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) Thin shallow shell in the shape of an elliptic paraboloid under uniform
internal pressure. A secondary edge effect can occur for strictly convex elastic shells
with fixed clamping of the edge. As an example we consider a shell initially in the shape of
a thin elliptic paraboloid under uniform internal pressure. The appropriate equations are
written in dimensionless variables in the form

14
.

A 4 l? fywl—nwl=0, A% —f{u—z, F}4-q=0 (5.1)

AF = P = Py ey £l = wallyy A wy Fo — g Fy,
z2 =1 — Yy (k-1 koy®. ¢ >0

rigid clamping of the shell at the contour

w=w, = 0, W= F,— oF -+ xoFy == 0 (5.2)
) AT AR " IS B TP Al 3P0 Al iy [ A1 N PN -
tgl Topp be 70 Opllpe 70 ORI Lo 7 (G~ Oy — %5 (] — o}, — O
(0,5 are, respectively, the internal normal, the arc length, and the curvature of 1"y. The
"degenerate' nrob] em about the equilibrium of an ahmn'lnfp‘lv flexibhle shell when g = (0 is writ~

ten in the form of a system of equations with nonlinear boundary (edge) conditions (*)

E 11 N - i A -
AFG sl wil = Lz, wel = 0, wy — 2, Fyl = ¢ (5.3)
Vo S
wolp = O, TyFg =0, I'yFy % (Valbgp — Zp)wpolt
The so-called positive solutions satisfying the following conditions
‘FDTI > ()n I oy Os /‘o\,\.f oyl FO\:/ 0 (5-4)

everywhere in D - T" have meaning in mechanics for the boundary value problem (5.3} /5,16,17/
where I} is the domain the shell planform occupies.
The positive solutions introduced in Sect.l for the axisymmetric equilibria satisfy the
conditions (5.4) only upon compliance with the additional inequality dvy/dr > 0 for re (G, il
Then as ¢— 0 the following asymptotic representations are constructed for the positive
solution of the problem (5.3)

Fe =glf (mog) + qb (oo, w’” = glie® — 1) K + By (v, ¢ (5.5)
RV T - oh)e? + (b - ekytl, T~ ail/ o
J 7= Tigaa 1\ A \ Gity & L W U'vg i v Mo
K = (o + kot -+ 20kkn) 7, By = — T (e iy =
eyt exp (—an)lyf, =gl o= chu/‘ >0

ne = kikgby > 0, T, = Kb, (k?sin® ¢ + k,? cos? ¢ - okyk,)
by = (k; costq - ky sin@)™,  [of == (1 — o%)bokfK

!

Theorem 5.1. Let 0.5 < kh, ' < 2 and g 0. Then there exists a ¢ such that for 0 <<
¢ < ¢, the problem (5.3) has a unique positive solution (¥, w,) for which the asymptotic re-
presentations (5.5) are valid, and the following estimates hold for j =10, 1,2

max | 24 (g — wody | - | D (Fy — Foy || < mygre

where M, is a certain positive constant independent of ¢ and [¥ is the derivative of order j.
The proof of the theorem is omitted and will be presented somewhere else. Compliance
with the inequalities (5.4) for F,? in the conditions of the theorem is established by direct
computations.
Using the presence of the second small parameter ¢* in (5.1) and applying the boundary-
T

layer method according to the scheme of /17/, we obtain that the problem (5.1}, (5.2} has a

*) See Srubshchik, L.$., Edge effect in the flexure of absolutely flexible shells. Dep. VINITI,
No.4265-79, 14 December 1979, Rostov-on-Don.
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solution in the neighborhood of the positive solution (5.5) as the parameters ¢ and eg™' tend
simultaneously to zero, for which the following simple asymptotics formulas are valid:

F=F(z,y) + et 0), w=w (@ y) + e o) (5.6)

go = aym™t exp (—pm/e), 0%hy/8t2 = naym~* [(a; — ¢) exp (—pm/e) — Y.a, exp (—2pm/e)]

v dw, dz
m = VN’ 1= 9 lp=0’ C“W p=0

The solution (5.6) corresponds to equilibrium with just tensile forces, and the pheno-
menon of the secondary edge effect holds for it.

N = [Fos — #Fepl 1> 0, t = p/e
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